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Abstract. We show that if —A generates a bounded a-tinies resolvent family 
for some a £ (0,2], then —AP generates an analytic 7-times resolvent family 

>D , for /3 S (0, —EizIU.^ and 7 S (0, 2). And a generalized subordination principle 

Cn ' is derived. In particular, if —A generates a bounded a-times resolvent family 

for some a £ (li2], then —A^'" generates an analytic Co-semigroup. Such 

^ ^ relations are applied to study the solutions of Cauchy problems of fractional 

^^ , order and first order. 
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Let A be a closed densely defined linear operator on a Banach space X. The 
resolvent families were introduced by Da Prato ^10: to study Volterra integral equa- 
tions of the form 



>■ (1.1) u{t)^ f{t)+A a{t- s)u{s)ds. 

m : -^0 

^N i A family {R{t)}t>o C B{X) is called a resolvent family for A with kernel a if 

(a) _R(0) = / and R{t) is strongly continuous; 

(b) AR{t) C R{t)A for every t > 0; 

(c) for every a; G D{A), 



R{t)x = x+ ait- s)R{s)Axds. 
Jo 



It is shown that the problem (|l.ll) is well-posed (in the sense of [28]) if and only 
if there is a resolvent family for A. Since a Co-semigroup is a resolvent family for 
its generator with kernel ai{t) = 1, and a cosine operator function is a resolvent 
family for its generator with kernel a2{t) = t, it is natural to consider the resolvent 
family with kernel aa{t) = yua- Also note the following facts: if A generates a 
Co-semigroup, then the Cauchy problem of first order 

u'{t) = Au{t), t > 0; u(0) = X 

is well-posed; and if A generates a cosine operator function, then the second order 
Cauchy problem 

u"{t) = Au{t), t > 0; u(0) = X, u'{0) = y, 



2000 Mathematics Subject Classification: 47D06, 47A60, 34G10, 26A33. 

Keywords: a-times resolvent families; Co-semigroups; generators; fractional powers; subordi- 
nation principle; fractional Cauchy problems. 

This project is supported by the NSF of China (No.l0971146). 

1 



2 MIAO LI, CHUANG CHEN, AND FU-BO LI 

is also well-posed. This motivates one to consider the relations between the exis- 
tence of resolvent family for A with kernel aa(t) and the well-posedness of some 
kind of fractional Cauchy problem Dfu{t) = Au{t) with proper initial values. Such 
relation was proved by Bajlekova jB,; in 2001. The resolvent family for A with ker- 
nel Oq, was therefore called a-times resolvent family. For more general resolvent 
families see [24l [25] . 

On the other hand, it is well known that if —A generates a bounded cosine 
function operator, then —A^/"^ generates an analytic Co-semigroup of angle 7r/2 
(cf. [H]). And it was proved by Yosida in 1960 (cf. [T71 [32]) that if T is a 
bounded Cp-semigroup on a complex Banach space X, with the generator A, then 
—A", < a < 1, generates an analytic semigroup Tq on X, and Ta is subordinated 
to T through the Levy stable density function. 

For a-times resolvent family, the questions of interest are: 

(Qi) If —A generates a bounded Co-semigroup, does —A"' generate an a-times 
resolvent family? 

{Q2) If ~A generates a bounded a-times resolvent family, does — A^/" generate 
a Co-semigroup? 

(Q3) If —A generates a bounded a-times resolvent family, does —A'^/'^ generate 
an a/2-times resolvent family? 

{Qi) If —A generates a bounded a-times resolvent family, does — A^ also generate 
an a-times resolvent family for some suitable /3? 

(Qs) If —A generates a bounded a-times resolvent family, does —A^ generate a 
7-times resolvent family for some suitable /? and 7? 

Our first aim in this paper is trying to give answers to the above questions in a 
unified way. We first note the fact: if —A is the generator of a bounded a-times 
resolvent family, then A is a sectorial operator (see Section 2 for details). Therefore, 
it is possible to define the fractional power A^ for & > 0. By using the theory of 
functional calculus for sectorial operators (see [H [Ml [21] [26] ) , we are able to give 
positive answers to the questions above. These relations are clarified in Section [3] 

The second purpose of this paper is to establish connections between solutions 
of fractional Cauchy problems and Cauchy problems of first order. Obverse that 
many phenomena in the theory of stochastic processes, finance and hydrology are 
recently described through fractional evolution equations, see (BJ [3 [30l [SS" and the 
references therein. For example, Zaslavsky 33 introduced the fractional kinetic 
equation 

Dfu(t,x) + LMt,x) = Q, t>0 
(1.2) 

u{0,x) = f{x), 

for Hamiltonian chaos, where a G (0, 1), —L^ is the generator of some continuous 
Markov process, and D" is understood the Caputo fractional derivative in time 
(see Section 2). Baeumer and Meerschaert [5], and Meerschaert and Scheffler [27] 
showed that the fractional Cauchy problem (jl.2p is related to a certain class of 
subordinated stochastic processes. More precisely. Theorem 3.1 in [5] shows that 
the formula 

/■oo 

(1.3) u{t,x)^ v{{t/s)°',x)ba{s)ds, 

Jo 

yields a unique strong solution of (|1.2p , where ba is the smooth density of the stable 

r 
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subordinator such that the Laplace transform 6q(A) ~ Jq e ^*ba{t)dt — e ^ and 



V is the solution of 

(1.4) 
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v^{t,x) + Lxv{t,x) ^ 0, t>0 
viO,x)^fix). 

The formula (jl.4p can also be explained by the subordination principle for fractional 
resolvent family, see Theorem 3.1 in [3 or Lemma 12.91 If the fractional power of 
L^, i", is defined, it is also of interest to know the relations between the solution 
of ([Ti)) and that of 

Dfu{t,x)+L'^u{t,x)^0, i>0 
^^■^^ uiO,x)^f{x). 

In Section 4 we will give this connection. Moreover, Baeumer, Meerschaert and 
Nane [6] proved that Eq. ()1.2p with a = 1/2 and the initial value problem 

u{0,x) = f{x), 
have the same solution; and (|1.2p with a = 1/3 and 

u[{t, x) + Llu{t, x) + f(Y73) ^"•^(""^ " f(273) ^'•^^''^ " ^' ^ ^ ° 
u{Q,x) = /(x), 

have the same solution, respectively. Another example is given by Allouba and 
Zheng Jj and DeBlassie pTj, they consider the case that L^ = —A, the Laplace op- 
erator. Keyantuo and Lizama [12] gave the connections between (|1.2p with a = 1/m 
and ordinary non- homogeneous equations. In Section 4, by analysing the solutions 
of fractional Cauchy problems directly we can recover the result in [H]. Moreover, 
we will consider more general fractional Cauchy problem with the fractional order 
not necessarily a rational number. 

Our work is organized as follows. We provide in Section 2 some preliminaries of 
fractional resolvent families and fractional powers of sectorial operators. And then 
give positive answers to the questions (Qi) — (Q5) in Section 3 and more results 
of fractional generations are obtained as well. Finally, we discuss the relations 
of solutions of fractional Cauchy problems and Cauchy problems of first order in 
Section 4. 



2. Preliminaries 

Throughout the paper, {X, || • ||) is a complex Banach space, and B{X) is the 
space of all bounded linear operators ox\ X. A is a closed linear operator on X. We 
assume throughout this paper that A is densely defined. By D{A),R{A), p{^)^ <^{^) 
and R{\,A) (A G p{A)) we denote the domain, range, resolvent set, spectrum set 
and resolvent of the operator A, respectively. 

Recall the Caputo fractional derivative of order a > 

Dff{t):^jr~^^f{t), 



4 MIAO LI, CHUANG CHEN, AND FU-BO LI 

where m is the smaUest integer greater than or equal to a, and the Riemann- 
Liouvihe fractional integral of order /3 > 

J^f{t) = gp * fit) := f gp{t- s)f{s)ds, 
Jo 

where 

\0, i<0. 

Set moreover go{t) '■= S{t), the Dirac delta-function. For details in fractional cal- 
culus, we refer the reader to p01l29) . 

The Mittag-Leffler function is defined by 

^^ Ti 1 /" ex. — Q LI 

(2.1) E^,p{z) := Y. r( \ R\ = ^ / ^V^ ^/^' a, /3 > 0, z G C, 

;^ r(an + (i) 2Tn Jc ^J,°' - z 

where the path C is a loop which starts and ends at — oo, and encircles the disc 
\t\ < |z|^/" in the positive sense. Ea{z) := Ea,i{z). The Mittag-Leffler function 
Ea{t) satisfies the fractional differential equation 

D^Ea^iiOe) ^LoEaiut"). 

The most interesting properties of the Mittag-Leffler functions are associated with 
their Laplace integral 

(2.2) / e-^H'^-^Ea.f}{u}t")dt= , i?eA>a;i/",a;>0 

Jo A" — a; 

and with their asymptotic expansion asz-^oo. IfO<a<2,/3>0, then 

(2.3) ii;„,^(z) = -z(i-^)/"exp(zi/")+e„,^(z), |argz|<ia7r, 

a 2 

(2.4) Ea^fs{z)=ea^fi{z), | arg(-z)| < (1 - -a)7r, 
where 

as z ^^ oo, and the 0-term is uniform in argz if | arg(— z)| < (1 — a/2 — e)7r. It 
is also of interest to know the relations between the Mittag-Leffler function and 
function of Wright type: 



E^{z) = / *T,(t)e^'dt, z G C, < 7 < 1, 
Jo 

where 

(2.5) *,(z) := f; ^~^f ^ = -i. / ^^^-' eMf^ - ^m")^^ 

^ nil [—'fn + 1 — 7) zm jp 



n=0 



with F a contour which starts and ends at —00 and encircles the origin once coun- 
terclockwise. For more properties of the Mittag-Leffler function and function of 
Wright type, we refer to [TH [13] . 

We now turn to a short introduction to fractional powers of sectorial operators. 
Let v4 be a densely defined closed linear operator on Banach space X. 
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Definition 2.1. The operator A is called sectorial of angle w G [0, tt) {A e Sect(a;), 
in short) if 

1) <j{A) is contained in the closure of the sector 

I](j := {z e C : z ^ and | argz| < w}, 

for oj > or Eg := (0, cxd). 

2) For every uj' e (a;,7r), sup{||zi?(z, A)|| : z G C\S^} < cx). 

A family of operators {Ar)TeA is called uniformly sectorial of angle u G [0, tt) if 
Ar G Sect(i:L;) for each r, and sup{||z_R(z, At-)|| : t G A, z G C\Scj'} < oo. 

If G p{A) for a sectorial operator A, then we can define its fractional powers 
as follows. For 6 > 0, define A~^ by 

(2.6) A-'' := —f \-''R{X,A)d\, 

where the path r(C) runs in the resolvent set of A from cx)e~*'' to ooe*'', while 
avoiding the negative real axis and the origin, and A** is taken as the principle 
branch. Noticing that A^^ G B{X) is injective for all 6 > 0, we can define A^ :— 
{A~^)~^ and A^ := /. On the other hand, for a sectorial operator A without the 
assumption that G p{A), since A + e is sectorial and G p{A + e), it makes sense 
to consider the operator [A + e)^ and define the fractional powers of A by 

A'' ;= .s - lim [A + e)*" 

for 6 > and so corresponding results for such fractional powers can be obtained 
by similar argument (cf. [Ml [26]). We collect some basic properties of fractional 
powers in the following lemma. 

Lemma 2.2. '14' Let 6 > and A~^ is defined as above. The following assertions 
hold. 

(a) A'' is closed and D{A^) C D{A'=) forb> oO. 

(h) A^x = A''-^A^x for all x G D(A") and n>b,neN. 

(c) Let d > b > 0. If B C A'' and D{B) = D{A'^), then B is closable and 
B — A , where B is the closure of B. 

(d) a{A') = {a{A)f. 

(e) If A G sect{u}) for some uj G (0,7r), then for every j3 G (0,7r/a;) the operator 
a" is sectorial of angle /3a;. 

(f) If A € sect(uj) for some uj G (0,7r), then the family {A + s)e>o is uniformly 
sectorial of angle uj. 

Finally we recall the notion of a-times resolvent families. Also here we suppose 
that A is a densely defined closed linear operator on X. 

Definition 2.3. Let a > 0. A family {Sa{t)}t>o C B{X) is called an a-times 
resolvent family generated by A if the following conditions are satisfied: 

(a) Sa{t) is strongly continuous for i > and S'q(O) = /; 

(b) sJ(t)A c ASait) for t > 0; 

(c) for X G D{A), the resolvent equation 

(2.7) Sa{t)x — X + / ga{t — s)Sa{s)Axds 

Jo 

holds for alH > 0. 
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Remark 2.4. Since A is densely defined and closed, it is easy to show that for all 
a; € X, Jg ga{t — s)Sais)xds G -D(^) and Sait)x — x + A(/g gait — s)Sais)xds). 

Definition 2.5. (a) An a-tiines resolvent family {Sa{t)}t>o is said to be bounded 
if there exist constants M > 1 such that [[^^(i)!! < M for all t > 0. HA generates 
a bounded a-times resolvent family Sa, we will write (A, Sa) G Cq(0) or A e Cq.(0) 
for short. 

(b) Let 6*0 G (0, 7r/2] and wo > 0. An a-times resolvent family {Sa{t)}t>o is called 
analytic of angle ^o for some 0o G (0,7r/2] if Sa{t) admits an analytic extension to 
the sector Sg^. An analytic a-times resolvent family {Sa{z)}ze'Se is said to be 
bounded if for each 9 G (0, ^o) there exists a constant Mg such that 

\\SM)\\<Me, zel^e- 

If A generates a bounded analytic a-times resolvent family Sa of angle Oq, we will 
write (A, Sa) G Aaido) or A G Aaido) for short. 

Lemma 2.6. 3 Let < a < 2. A G Cq(0) if and only if S7rQ/2 C p{A) and 
there exists a strongly continuous function Sa '■ K+ -^ B{X) such that \\Sa{t)\\ < 
M for allt>0 and 

\-l / „-Ai ( 



(2.8) \°'-'{X"~A)-'x= e-^'Sa{t)xdt, A G S^/2 

for all X G X. Furthermore, {Sait)}t>o is the a-times resolvent family generated 
by A. 

In the sequel we need the following important lemma on analyticity criteria for 
a-times resolvent families. 

Lemma 2.7. Let a G (0,2) and 6q G (0,min{|-, ^ — f }]• The following assertions 
are equivalent. 

(a) [A,Sa)^Aa{eo)- 

(b) S„(iL_|_gp) G p(A), and for each 6 G (O,0o); there exists a constant Mg such 
that 

\\\{\-A)-^\\<Me, Xe^ai^+gy 

(c) -AG Sect(7r-(f +6lo)a). 

The equivalence of (a) with (6) is given in [3]. (&) is equivalent to (c) by the 
definition of sectorial operators, which is also mentioned in Remark 3 of 16 . 

Remark 2.8. (a) By Lemma [^T71 —A generates a bounded analytic a-times resolvent 
family if and only if A is sectorial of angle (p < w — 7ra/2. 

(b) If —A generates a bounded a-times resolvent family, then A is sectorial of 
angle tt — 7ra/2. 

Recall that if {Saiz)}z<£-Sg is a bounded analytic a-times resolvent family with 
generator A, then for t > 0, 



dX, 



(2.9) Sait)^^ f e^*A"-i(A"-A) 

where Tg^ is any piecewise smooth curve in 'S,.^/2+g going from ooe^*('^'^+^") to 
006''^''/'^+'^°) for some < 0o < 9 (cf. [3l[8]). 

The following subordination principle is important in the theory of fractional 
resolvent families, which will be extended to more general cases in Theorem 13. II 
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Lemma 2.9. [3 Let < /3 < a < 2, 7 = (3/ a and w > 0. If A ^ Ca(0) then 
A G C^(0) and </ie following representation holds 



Sp{t)= I tp^{t,s)Sais)ds, t>0, 
Jo 

where ip^{t,s) = t~^^y{st^'^) with $-y defined by i2.5]) . in the strong sense. 

3. Fractional powers of generators of fractional resolvent families 

In this section we consider the fractional generations for bounded analytic frac- 
tional resolvent families. The following theorem is our main result, which gives the 
answer to question (Q5) in the Introduction. 

Theorem 3.1. Let a G (0, 2] and A be sectorial of angle n — ^n on a Banach space 
X, and let0<j<2. 

(a) For each /? e (0, §E£). -A^ G A.y{^o) with ipo = min{f , -^{tt - fa) + 

7r 7r \ 

7 2 J ■ 

(b) //O e p{A), then the -f-times resolvent family generated by —A" , SS, , can be 
represented by 

(3.1) ^7^=2^/ E-,{-^lH■^){A-^l)-H^JL, t>o, 

where F^ is a smooth path in the resolvent of A from cxdc^*'^ to ooe*", avoiding the 
negative axis and zero, with w G (tt — ^tt, ■g(7r — -^tt)). 

(c) If in addition —A generates a bounded a-times resolvent family Sa, then the 
following generalized subordination principle 

/>oo 

(3.2) S^it)x^ I /f_^(i,s)5c(s)xds, t>0, 

holds for X ^ X , where 



(3.3) fl{t,s) = ^f E,{-^,Hr){^^,Yl'^-^e-(-^^)"^^d^Ji 

2-Kl Jg^^ 

with u as in (b), dYi^^ is the two rays {pe**'^ : P > 0} and (— pe**")"'^'" = 

l/Qg=Fi('r-cj)/Q^ 

Proof, (a) Since A is sectorial of angle tt — f a, by Lemma [2.21 (e). A^ is sectorial 
of angle ^(tt - fa) for /3 G (0, j^^)- By Lemma[2Jl -A'^ g A^{^f)) if and only 
if Af^ G Sect(7r - (f + Vo)l)- To guarantee that tpo > 0, we need /3 < ffEf^- 

(b) Since A^ G Sect(/3(7r- f a)), ^(A'^) D C-E^(^_j„). Thus {X + A^)-^ exists 
and belongs to B[X) for A G ^-K^pi-K-^a)- Let a; > tt — fa. Since G p{A), we 
can find d > such that {z G C : |z| < d} C p{A) and then choose Fi^ as the union 



ofFi,F2 and F3, where 



Vl = {re- : r > 4, 

F2 = {de*^ : -w < e < cj}, 

F^ = {re-- : r > d}. 
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For A e T,Tr-i3uj, the function /(/i) = a+~? ^'^ analytic on Y,^, we can therefore define 
a bounded operator f{A) as 

Since l3{n - w) < /3(7r - fa), (A + A'^)"! e B{X) for A e S^^/j,^. It is routine to 
show that for such A £ I]^_^(^, 

(3.4) (A + A^r' = f{A) = -i. / (A + /)-i(A - ^.y^dfi. 

Now take /? and (po as in (a). Since —A'^ £ A^{ipq), for < (5 < (po, choose 
w < i[7r - (| + (5)7] such that when A S r-+5 then A'' £ S^-/jcu. Thus by f^ . 
p.4p and Fubini's theorem we have 

S^{t) = — f e^*AT-i(AT + ^^)-idA 

f +« 

- ii e-A-^(^/ (A^ + /)-(A-,)-d,).A 
= ii (2^^/, e-A-^(A''+/)-dA) (A -,)-., 

= -i^ / £;^(-/i^r)(^-M)-idAi. 

27ri Jr^ 

(c) We first assume that £ p(A) and A £ Cq.(0). Let F^ be as in (b). By (b), 
(j2.8p and Fubini's theorem, for x £ X, 



s^{t)x = ^Z E^{-^iH^){A-^l)-^xd^i 

= — / E^i-^iH-^) - i-fi)'/"-' / e-^-^^''"'S^{s)xds d/i 

+ J_ [ E^i-fi/^f^JiA^fiy^xdn 
27rz Jp2 

-7:^ / ^-y(-/i'')(-M)^/"-ie-(-^)''°'^dJ5„(s)a;ds 

27ri jpi Ljp3 J 



-^J ^E,{~^iH'^){A~^i)-^d^i 



The integration on F^ converges to if d ^^ since £ p{A). Moreover, since 
arg(/x^t^)| < TT — ^TT, by (|2.4p the integration on V]^ UFJ^ is absolutely convergent 
if (i ^ 0. So letting d -> 0, we get S^{t)x = /(,°° f^^-y{t, s)Sa{s)xds with 



27r« 7as^ ^ 

Thus (1321) holds for -A £ Ca(0) with £ p{A). 

Next we show that p.2p holds when ^ p(^) and —A generates a bounded 
analytic a-times resolvent family. For e > 0, £ p{A + e) and {A + e)£>o is 
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uniformly sectorial of angle tt — ^n by Lemma [^^ fV By (b), the 7-times resolvent 
family, gS*;^, generated by —{A + e)'^ is given by 

(3.5) -^7^*) = 2^/ E^i~f^^mA + e-fi)-^dfi, t>0, 

since {A + e — ^)^^ — s> (A — ^)^^ as e -> 0, by (I2.4p and Lebesgue's dominated 
convergence theorem eS^{t) -^ S^{t) as e — !> for every t > 0. On the other hand, 
by the first step we can represent eS^{t) by 

/•OO 

(3.6) ,S^{t)x^ ft^{t,s),S^{s)xds, t>0, 

Jo 

where eSa{s) is the a-times resolvent family generated by ~{A + e). Since eSa{s) is 
miiformly bounded and (A + e — /x)~^ -^ {A — fj.)~^ as e — ?• 0, by the approximation 
theorem for a-times resolvent family (Theorem 4.2 in [23) one has eSa{s) — > Sa{s) 
in strong sense for every s > 0. Note that f^ ^{t, •) is absolutely integrable by (|2.4I) . 
by letting e to in (13. 6p we obtain p.2p . 

Finally we show that p.2p holds when ^ /5(^) and —A G Cq,(0). For every 
a' < a, —A generates a bounded analytic a'-times resolvent family by (a) or 
Lemma |2.9[ so by our second step we have for every x € X, 

/•OO 

S^{t)x^ f^,M,s)S^.{s)xds, t>0, 

JO 

where Sa' is the a'-times resolvent family generated by —A. Since Sa'{t) — > Sa{t) 
strongly by Theorem 4.5 in 23 and farry{t,s) — J> fa^-y{t,s), p.2p is obtained by 
letting a' to a. D 

Remark 3.2. (a) Note that by Remark 12.81 (b), if A G Cq(0), then A is sectorial of 
angle tt — aTr/2. 

(b) If a = 1, we can shift the contour in (|3.3p to F;^, that is, 

(c) If /3 = 1, then in the proof of (b) we do not need the assumption that G p{A). 
Indeed, in this case we can replace the contour F^^ by F^j := F;|;, U Fj^ U F^ , where 
f2 = {de"^ : ui<e <2t:-lo}, and then 

S^^{t) = ^ / E-,{-^it^){A - ii)-^d^i, t > 0, 



and 



fl,{t,s) = -— I i?^(-/.F)(-M)^e-(-'')"^dM. 



In particular, if {A, Sa) G ^q(^o) with 60 > 0, then for each 6 G (0, 6*0) and z G Se, 
S'a(z) has the following integrated representation: 

(3.7) Sa{z) = T^ f Ea{txz''){fi~A)-'dfi, 

where 9 G {Tra/2, {tt/2 + do)a). Note that (13. 7p is a Dunford integral, sometimes it 
will be more convenient than the identity 
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(d) If 7 = 1, by changing the variable ji in (j3.3p to pe*" and pe^*", < p < oo, 
one gets 

f^^^{t,s) = -/ p(i-")/"exp(-V/"cos(7r-w)/a-tp'3sin^wJ 

• sin ( tp^ sin /3w — sp^'" sin(7r ~ uj)/a + {tt — w)/q;) ] dp. 

As consequences of Theorem 13.11 and Remark 13.21 we have the following results, 
which give positive answers to questions (Qi) — (Q4). 

Corollary 3.3. The following assertions hold. 

(a)If{-A,Si)eCi{0) then-A°' eAi{^{l- a)) for each a e (0,1). Moreover, 
the Co-semigroup generated by —A" is given by 

00 



Pa{t,s)Si{s)ds, t>0 

where Pa{t, ')W '■— /g e^^''Pa{t, s)ds — e^^ * and 

1 /""^ 
Pa (t, s) — — exp(sp COS 6 — tp" cos aO) ■ sin(sp sin 6 

(3.8) TT 7o 

— tpsvuaO + 9)dp^ 

for -K 12 <9 <Ti. 

(b) If {-A,Sa) e C„(0) then -A e A(i{uvm{TT,{a/ (3 - l)7r/2}) for each /3 e 
(0, a). Moreover, the P -times resolvent family generated by —A is given by 



ipp/a{t,s)Sa{s)ds, t>0 

where (^(•,^)(A) = X'^'^e-^''" , i^^^){\) = E^{-W) /or < 7 < 1 and 
ipy{t,s) — — p'^^^ exp ( — sp'^ cosj{'K — 9) — tpcosO) 

■ sin I fpsin^ — sp^ sin 7(77 — 0) + 7(7r — 9)]dp 

for9ei7T~^,7T/2). 

(c) If {~A,Si) e Ci(0) then -A" e Aa{mm{^ - 7r,7r/2}) for each a £ (0, 1). 
Moreover, the a-times resolvent family generated by ~A°' is given by 

fl^it,s)Si{s)ds, t>0 

where /i%(i7-)(A) = ^a(-A"t") and /i"„(i, s) = j;^ (^„(i, T)pa{T, s)dT. 

(d) If {-A, Sa) G Ca(0) for some a G (1, 2] f/ien -^^Z" G A(7r - ir/a). More- 
over, the Co-semigroup generated by —A^'" is given by 



where 



C"{t,s) 



/ fl^^{t,s)Sa{s)ds, t>0 
Jo 

/>oo 

— / exp ( — spcos(7r — 6')/a — tpcos6'/ 
■^ Jo ^ 

■ sin I tpsm9/a — tpsm{TT — 9)/a + {tt — 9) /a] dp 
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for 9 G (tt- ^,a7r/2) and f^[^{t,s) = f^pi/ait,T)ifi/a{T,s)dT. 

(e) If{~A,Sa) e Ca(0) for some a e (0,2] then -A^/^ e yl„/2(7r/2). Moreover, 
the a/2-times resolvent family generated by —A^'"^ is given by 

a c r°° s^~^ 

(3.9) -t^ / -^^S^{s)ds, t > 0. 

(7; If{-A,Sa) e Ca(0) /or some a e (0,2) t/ien -A-^ e ^„(min{(f - f)(l - 
/3),V2})/or/3e(0,l). 

Proof, (a) follows from Remark 13.21 fa), (b) and (d). 

(b) By Remark |3. 21 (0). (|2.ip . Fubini's theorem and Cauchy's integral formula, 






s 

1 

27ri 



/^,M*'«) = -TT- / i?/^(-A^i^)(-/i)^e-(-'')°^dA. 

f^ / e^*A^-i(A^ + /i)-irfAV-M)^e-(-'^)°^dM 
V27ri ./r_ , / 

*A'^-i( / (A'^ + Ai)-'(-M)^e-(-^)°^dA*)dA 
= ^ / e^*A^-iA^(^)e-^''°^dA 

= 'Pp/aitiS). 

And the last identity follows from Remark 13.21 (d) and by noting that ipj{t,s) 

/i/,,i(i>^)- 

(c) By Remark [321(b), for A > 0, 

J°^e-^'f^^Jt,s)ds = y"e-^-(_Ly E^{-^l''t'')e^'d^?|ds 



27ri ./p^ 



holds by Cauchy's integral formula and (|2.4p . The last statement follows from the 
calculation of the Laplace transform of the function L (pa{t, T)pa{T, ■)dT. 

(d) The representation of fj^ follows from Remark [3.21 (d). By (b), the Co- 
semigroup generated by —A is given by T{t) = J^ 'fii/ai'tj s)Sa{s)ds; and then by 
(a), the (l/a)-times resolvent family generated by —A^^" is given by J^ Pi/a{t,s) 
T{s)ds. 

(f) and the first part of (e) are immediate consequences of Theorem 13.11 It 
remains to prove the subordination formulas (J3.9I) . Indeed, let 5*^/2 be the a/2- 
times resolvent family generated by —A^^^. Since a/2 < 1, by (5.24) in [2B], 

(3.0) (r/v.4-)".i/"-i^(, + ArV 



12 MIAO LI, CHUANG CHEN, AND FU-BO LI 

Therefore, it foUows from ^^, ([23]) (|3?T0l) . and Fubini's theorem that 






1/2 /-oo i/„ \ 



(■OO 1 ^ \q/2--1 a/2 

71- Jo io ^27ri7r,„ i/" + A" 



D 

3/2 



Remark 3.4. (a) dS;!]) is the formula (11) in f3?. Note that pi/2(i,s) = |^ 
(see Lemma 1.6.7 in 2 ). 

(b) By CoroUary 13.31 (b), we obtain the subordinate principle (Theorem 3.1 
in [3]) for bounded fractional resolvent families. The formula is also applied to 
exponentially bounded fractional resolvent families by small modification, since we 

do not need the fractional power here. By Lemma 1.6.7 in |2] fi/2{t, s) = ^ ^— . 

(c) By Corollary 13. 31 (e). if A generates a bounded Co-semigroup T(i), then the 
1/2-times resolvent family generated by — (— A)i/^ is given by ^ J„°° , [^{^^ ds. 

(d) By Corollarv l3.3l fe). if A generates a bounded cosine function C(i), then the 
Co-semigroup generated by — (— A)i/^ is given by 2i J^ i'i_[% ds. See also Lemma 
2.1 in [g. 

The following results for generators of analytic fractional resolvent families can 
be proved similarly as the proof of Theorem 13.11 (a) by using Lemma 12.71 

Proposition 3.5. The following assertions hold: 

(a) If -A e Ai{9o) for some Oq G (0, §], then -A" e A(§ - (f - ^o)") for 
each a e (0,^^)- 

(h) If-Ae Ai{9a) for some 00 e (0, f], then ~ A" G y4„(min{^ + 6*0 - tt, 7r/2}) 
for each a G (0,;;^). 

(c) If -A G AaiOo) for some a G (0,2) and 6q G (0,min{|,^ - f}], then 
-A G ^^(min{^(f + 0o) - f , f }) for each 7 G (0, (2I±^). 

(d) If -A G AaiOa) for some a G (0,2) and 9q G (0,min{f,^ - f}], then 
-Ai/-e^i(-| + 0„ + ,r) */«G(^,2). 

(e) If -A G AciOa) for some a G (0,2) and 60 G (0,min{f,f - f}], then 
-APeA^{m\n{-^7: + l7: + p0o + ^~^,n/2})^fPe{O, J^^^%J . 

Remark 3.6. Proposition 13.51 (a) improves Theorem 3.1 in [15] in that we do not 
need G p{A). 
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Example 3.7. Let a S (0,2) and fc > 0. Set X := LP(R), A := ~kDl with 
D{A) ~ M^^'P(]R). It is well known that —A generates a bounded analytic semigroup 
of angle ^. Thus, by Proposition 13.51 one has 

(a) -A e ^„(min{f - f , f }) for all a G (0,2); 

(b) -A" e ^„(min{f - f , f }) for all a G (0, 2); 

(c) -A" e A(7r/2) for ah a £ (0, oo). 

Example 3.8. Let a G (0, 2) and 61 G [0, tt). Set X := L^{0, 1), Be := -e'^-D^ with 
D{Be) = {f e H/2,2(o,i) :/(o) = /(I) =0}. It is proved that for f < 6* < (l-f)7r, 
—Bg G ^a(6'o) with ^0 = niin{^ " a ~ f'fl' ^^^ "^^^^ ^*^* generate any Co- 
semigroup (see Example 2.20 in 3). However, by Corollarv 13.31 fd). ~Bg G 
A(f-f)foraG(l,2). 

4. Solutions to fractional Cauchy problems 

In this section we will consider the solutions of fractional Cauchy problems. First 
we give the definitions of solutions to the inhomogeneous initial value problem 



(4-1^ ,(.) 



D^uit)^Au{t) + fit), iG(0,T) 
m('=)(0) ^xk, fc = 0,l,--- ,m-l. 



where r G (0,-|-C!o], / G LJ^^{[0,t);X) and A is a closed densely defined operator 
on Banach space X . 

Definition 4.1. A function u{t) G C([0, r); X) is called a strong solution (or simply 
solution) of (|4.ip if u{t) satisfies: 

(a) u{t) G C([0, r); D{A)) n C"-i([0, r); X). 

(b) 5,„_„ * (m- E fffc+i^^fc) e C'"([0,t);X). 

fc=0 

(c) u(t) satisfies Eq. (|4TT|) . 

u(i) G C([0, r); X) is called a mild solution of (|4.ip if 5^ * u G D{A) and 

"(*) = Yl 9k+i{t)xk + A{g^ * u){t) + {g^ * f){t), t > 0. 

fc=0 

Suppose that A generates an a-times resolvent family Sa{t), then the strong 
solution of (|4.ip with / = and Xk G D{A) is given by 

m— 1 
w(t) = ^ (gfc * Sa){t)xk, 
k=0 

see [3] for more details. So we now turn to the following problem 

D^u{t) = Au{t) + fit), t G (0, r) 
uW(0) =0, fc = 0,l,--- ,m- 1. 



(4-2) ,(.,, 



If M is a mild solution of (14. 2p . then ga *u £ D{A) and ti = A(5ct * w) + g^ =1= /. By 
Remark 12.41 

1 *U ~ {Sa ~ A{ga * Sa)) *U = Sa*U — Sa* A{ga * u) 
= Sa * U - Sa * U + Sa * ga * f ^ ga * Sa * f, 
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which means that ga * Sa * f ^s differentiable and the mild solution is given by 

(4.3) u(i) = ^(5o*^c.*/)W, t>0. 
Consequently we have 

Proposition 4.2. Let A be the generator of an a-times resolvent family Sa and 
let f G LI^^{[0,t); X). If (RT^ has a mild solution, then it is given by (RT^- And 
the mild solution of (OTTl) is given by 

m—l J 

U{t) =J2^9k* Sa)it)xk + -(5a * 5„ * f)it), t > 0. 
fe=0 

For the strong solutions of (|4.2p . we have 

Proposition 4.3. Let a S (0,2]. Suppose that A is the generator of an a-times 
resolvent family Sa and let f g C{[0,t);X). Then the following statements are 
equivalent: 

(a) j^.i^p has a strong solution on [0,t). 

(6) Sa * f is differentiable on [0,t). 

(c) ■^iga*Sa*f)it) e D{A) fort e [0,t) and A{-^{ga* Sa* f)it)) is continuous 
on [0,t). 

In the case a G [1,2], the condition (c) can be replaced by 

(c)' {ga-i * Sa* f){t) G D{A) for t G [0, r) and A{ga-i * Sa* f){t) is continuous 
on [0,t). 

Proof. The equivalence of (a), (6) and (c)' was given in (35] for the case a G [1,2]. 
The case a G (0, 1) can be proved similarly. D 

As a corollary we have 

Corollary 4.4. Let a G (0,2). Suppose that A is the generator of an a-times 
resolvent family. Then (RT^ has a strong solution on [0,t) if one of the following 
conditions is satisfied: 

(a) f is continuously differentiable on [0, r). 

(b) a G [1,2], fit) G DiA) forte [0,r) and Af{t) G Li„,([0, r);X). 

(c) a G (0, 1), f(t) G D{A) for t G [0, r) and ga* f is continuously differentiable 
on [0,t). 

If A generates an a-times resolvent family Sa, then for x G D{A") by using (|2.7p 
several times we have 

Sa{t)x — X + {ga * Sa){t)Ax 

= X+ {ga * l){t)Ax + {ga * {ga * Sa)){t)A'^X 

(4.4) =x + ga+i{t)Ax + {g2a * Sa){t)A'^X 

= x + ga+i{t)Ax + ■■■+ ,g(n-i)a+i(0^""^a; + (.g„a * Sa){t)A"x, 

which leads to 

Lemma 4.5. If A generates an a-times resolvent family Sa, then for x G I?(A") 
with na > 1, Sa{t)x is differentiable and 

J n— 1 

— {Sa{t)x) = Y. 9ko.{t)A^X + {gna-1 * Sa){t)A^X, t > 0. 
k=l 
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In particular, let a ~ 1/m with to e N, we obtain 

Proposition 4.6. Let to, G N. Suppose that A generates a {l/m)-times resolvent 
family S'l/^. Then for each x e D{A"^), Si/jn{-)x solves the fractional Cauchy 
problem 

^4 5) i?y™u(i)=Au(i), t>0, 

u{0) = X, 
and the initial value problem 

m— 1 

v'{t)=A"'v{t)+y2gk/„^{t)A''x, t>0, 
(4-6) ti 

v{0) = X. 

Remarks 4.7. (a) If A generates a Co-semigroup, then by the subordination prin- 
ciple A generates an (analytic) (l/?7t)-times resolvent family. So Proposition 14.61 
gives Theorem 3.3 in 1191 immediately. 

(b) Note that A™ does not necessarily generate a Co-semigroup when A generates 
a l/TO,-resolvent family, we cannot obtain the uniqueness of solution of (j4.6p without 
any further assumption on the operator A and a counterexample was given in |6j . 

For the corresponding inhomogeneous problems, we have 

Proposition 4.8. Let m >2 be fixed. Assume that A is the generator of a (1/to.)- 
times resolvent family Si/^, then for x £ I?(A™), f{t) G C(R+, D(A'")), the 
function Sii„i{t)x + (Si/jn * /)(0 solves the two equations: 

Dl'^'uit) = Au{t) + (g(i_i/„,) * f){t), t > 
u(0) = X 



(4.7) 
and 



(4.8) 



771—1 771—1 

V'it) = A™«(i) -I- ^ gk/m{t)A^X + Y: {9k/m * ^V)(*), t > 
fc=l fe=0 

v{0) = X. 



Proof. Since gi/m * (5(i-i/m) * /) = ffi * / is differentiable and f{t) G D{A) for 
all i > 0, by Proposition 14 21 and Corollary 14. 41 (c). S'i/,„(t)x + {Si/m * /)(t) solves 
(|4.7p . It remains to show that it is also a solution of (|4.8I) . By Proposition l4.6[ we 
only need to show that S'i/,„ * / is differentiable, (S'l/m * /)(i) G £'(^™) and 

771—1 

(5i/7„ * /)'(t) = A"(5i/„, * /)(t) -f ^ (gfe/„ * A'^fm, t > 0. 



fe=0 



This follows from (|4.4p since 

(V»*/)W 

'S'i/,7i(i- s)/(s)ds 





51 5iL+i(t - s)A''fis) + (51 * 5i/„)(f - ,s)A"/(s)] ds. 



D 
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Next we will discuss the connections between some pairs of the Cauchy problems 
of fractional order (not necessarily a rational number) and first order. 
First, we have the following direct consequences of Corollary 13.31 

Theorem 4.9. (a) Let a e (0, 1) and —A e Ci(0). The fractional Cauchy problem 

D^vit) = -Av(t), t > 0, 

(4.9) '' 

v(0) = X, 

is well-posed and its unique solution is given by 

poo 

v{t) — / ipa{t,s)u{s)ds, i > 0, 



"'0 

for each x G D[^A), where ipa is given as in Corollary \3.3\ and u is the solution to 
the Cauchy problem 

u'it) ^ ~Au{t), t > 0, 

(b) Let a £ (0, 1) and —A G Ci(0). The fractional Cauchy problem 

v'(t) = -A^vit), t > 0, 

(4.11) ' 

v{0) = X, 

is well-posed and its unique solution is given by 

/"OO 

^(0— / Pa{t,s)u{s)ds, t > 0, 



JO 

for each x £ D{A), where pa is given as in Corollary \3.S\ and u is the solution to 
the Cauchy problem |^._?0[ ). 

(c) Let a £ (0, 1) and —A £ Ci(0). The fractional Cauchy problem 

D^vit) ^ -A'^vit), t > 0, 

<"^> .(0) = ., 

is well-posed and its unique solution is given by 

/•OO 

«(*)= / fl,ait,S>(s)ds, i>0, 



/o 

for each x £ D(A"), where f"^ is given as in Corollaru \3.3\ and u is the solution 
to the Cauchy problem |^. J0[ ). 

(d) Let 13 £ (1,2] and —A £ CpifS). The Cauchy problem |^.JO[ j is well-posed and 
its unique solution is given by 



u(t) = / ipi/i3{t, s)v{s)ds, t>0, 







for each x £ D{A), where v is the solution to the fractional Cauchy problem 

D^vit) = -Avit), t > 0, 

(4.13) * ^ ^ ^ ' 

t;(0) =a;, i;'(0) = 0. 

(e) Let P £ (1, 2] and —A £ C/j(0). The Cauchy problem 

, , v!{t)^~A^l^u{t), t>0, 

(4.14) ' ^ ' 

m(0) — x, 



ON FRACTIONAL POWERS OF GENERATORS 17 



is well-posed and its unique solution is given by 

/•CO 

u{t)^ fyf{t,s)v{s)ds, t>0, 





for each x £ D{A^'^), where f J-[ is given as in Corollary \3.3\ and v is the solution 
to the fractional Cauchy problem [JAM. 

Remark 4.10. (a) In Theorem 14.91 (a) and (c), if A generates an analytic Co- 
semigroup, then the restriction on a can be relaxed by using Proposition [3?5] 

(b) By using the generalized subordination principle in Theorem 13 . 1 1 and Propo- 
sition |421 one can also consider the inhomogeneous fractional Cauchy problems. 



Remark 4.11. The results in Theorem 14.91 can be interpreted in terms of stochastic 
solutions. Let < a < 1 and X be a Markov process with a semigroup T{t)f{x) = 
E(/(X(i))) generated by -A and let E{t) := infjx > : D{t) > t} be the inverse 
or hitting time process of the stable subordinator D{t), independent of X, with 
E(e~^^'^*^) = e~** . If u is a solution to the problem 

(4.15) u'{t) = ^Au{t); uiO) - f{x), 

then 

(a) the problem 

Dtv{t) = -Av{t); v{0)^f{x), 
has a unique solution given by 

/•OO 

v{t) - E{f{X{E{t)))) = / u{s)fEit){s)ds, 
Jo 

where fE{t) (s) is the density of the inverse stable subordinator of index a (see also 
Theorem 3.3 in [7]); 

(b) the problem 

W'{t) = -A"W{t); W{0) = fix), 
has a unique solution given by 

W{t) = E{f{X{D{t)))) = / u{s)fDit){s)ds, 

Jo 

where fD{t){s) is the density of the stable subordinator of index a; 

(c) the problem 

D^v{t) = -A^vit); v{0) = fix), 
has a unique solution given by 

v{t) =E{f{X{D{E{t))))) = r W{s)fEit){s)ds 
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\ 

u{r)fD(s) {r)dr fE(t) {s)ds 
lo \Jo J 

with W given in (b); 

(d) if in addition that for some /3 G (1, 2] the fractional Cauchy problem 

D^Vit) - -AV{t); 1/(0) = f{x), V'{Q) = 
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is well-posed, then the solution of (|4.15p . u, is subordinated to V by 

/"OO 

u{t) = / V{s)hE(t)is)ds, 
Jo 

where hE{t){s) is the density of the inverse stable subordinator of index 1//?; 

(e) if the assumptions of (d) hold, then the solution to the Cauchy problem 

v\t) = ~A^^f'v{t); v{Q) = fix), 

is connected to V by 

POD POO / /"OO \ 

v{t) = u{s)ha(t){s)ds = i V{r)hE{s){r)dr\ho(t){s)ds 

where hEU) is as in (d) and hE,u\{s) is the density of the stable subordinator of 
index 1//3. 

We end this paper with two examples. 

Example 4.12. Let p > and m e N. Consider the fractional relaxation equation 

(of. m) 

D\''^u{t)^^pu{t), i>0, 
u(Q) = X. 

The solution of (|i?TC)) is given by u{t) = a;^i/,„(-pti/™). By Proposition [Ml u{t) 
also solves 

m— 1 

v'{t)^{-prv{t) + Y.9^{t){~pt^, t>o, 

^ -' k=l 

v{0) = X. 

Note that the solution of (|4.17p is unique. Therefore, the problem (|4.16p is equiva- 
lent to the problem (|4.17p . 

Example 4.13. By Theorem 14. 9[ the solution of the fractional diffusion equation 
of order < a < 1 

I?t"u(i,a;) = Aw(i,a;), i > 0, 
w(0,x) = /o(a;) 

is given by u(i, x) = /^ '^a{ti s){T{s)fQ){x)ds, where T is the Gaussian semigroup 
generated by A. Since 

we have 



u{t,x)^ I [J ^^{t,s){4ns)-"/^e-\''-y\"/^'ds\fo{y)dy. 



See also 
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